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Abstract  Article Info 

This research presents a stochastic Data Envelopment Analysis 

(DEA) model for production and supply chain planning. The 

objective is to evaluate the efficiency of decision-making units 

(DMUs) in a system considering the stochastic nature of inputs and 

outputs. The proposed model incorporates uncertainty by assuming 

normal distributions for the stochastic variables. The model 

formulates a linear programming problem to maximize the 

efficiency scores of DMUs subject to constraints that ensure the 

efficiency of the system. The weights assigned to DMUs and input 

variables provide insights into their relative importance. A 

numerical example is presented to demonstrate the application of 

the model, and the results highlight the efficiency scores and weights 

for the DMUs. The findings contribute to improving decision-

making in production and supply chain systems under uncertain 

conditions. The developed model offers a practical tool for 

evaluating efficiency and identifying areas for improvement in real-

world systems. Further research can explore extensions and 

variations of the model to enhance its applicability in different 

contexts. 
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Introduction 

Efficient production and supply chain planning is critical for organizations to achieve 

competitiveness and sustainability in today's dynamic and uncertain business environment(Ju et al., 

2016)(Kumar et al., 2018)(Panigrahi et al., 2018). Data Envelopment Analysis (DEA) has been 

employed to assess the relative efficiency of decision-making units (DMUs) in various 

industries(Izadikhah & Farzipoor Saen, 2015)(Avilés-Sacoto et al., 2020)(Lozić, 2022)(Dotoli et al., 

2015)(Smriti & Khan, 2018)(M Shafiee et al., 2021). Conventional DEA models assume deterministic 

relationships between inputs and outputs, disregarding the stochastic nature of production and 

supply chain processes(Izadikhah et al., 2019)(Zadmirzaei et al., 2019)(Jamal et al., 2022)(Morteza 

Shafiee, 2017)(Izadikhah et al., 2020). To address this limitation, researchers have developed 

stochastic DEA models that consider uncertainty and variability in the evaluation of efficiency(Ang 

et al., 2021)(Jiang et al., 2018)(Wen, 2015)(El-Demerdash et al., 2016)(Zahedi-Seresht et al., 2021). 

https://creativecommons.org/licenses/by/4.0/
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The field of production and supply chain planning encompasses a range of complex 

processes, including resource allocation, capacity planning, inventory management, and distribution 

network design(Uzsoy et al., 2018)(Mönch et al., 2018)(Jacobs et al., 2018). The efficiency of these 

processes can significantly impact an organization's overall performance, cost-effectiveness, and 

customer satisfaction(Wirtz, 2020). Consequently, there is a growing interest in developing 

methodologies that capture the stochastic elements inherent in these planning activities(Ritzinger et 

al., 2016)(Yu et al., 2019). 

Stochastic DEA has emerged as a valuable approach to evaluate the efficiency of DMUs 

operating in stochastic production and supply chain environments(Ewertowska et al., 2017)(Moheb-

Alizadeh & Handfield, 2018)(Liu et al., 2018)(Tayal et al., 2017)(Ramezankhani et al., 2018)(Olesen & 

Petersen, 2016). This methodology combines the principles of traditional DEA with probability 

distributions or stochastic assumptions, allowing decision-makers to assess performance under 

uncertain conditions and make informed decisions to enhance efficiency(Zhu et al., 2017)(Heckmann 

et al., 2015). 

Stochastic DEA offers several advantages in the realm of production and supply chain 

planning(Cikovic et al., 2021). Firstly, it recognizes and accommodates the inherent randomness and 

variability that exist in input-output relationships. By incorporating probabilistic data, it provides a 

more realistic representation of the production and supply chain processes. This allows decision-

makers to account for uncertainties and consider potential risks when evaluating efficiency and 

designing optimal planning strategies. 

Stochastic DEA enables decision-makers to identify inefficient units or processes that may 

be susceptible to variations and uncertainties. It provides valuable insights into the sources of 

inefficiency and guides managers in prioritizing improvement efforts. By understanding the impact 

of stochastic factors on efficiency, organizations can develop robust planning strategies that consider 

both efficiency and risk management. 

Despite the potential benefits, the application of stochastic DEA in production and supply 

chain planning is a relatively new research area. Many studies have focused on developing 

innovative models and methodologies to handle the stochastic nature of the processes and 

incorporate them into the DEA framework. Researchers have explored different approaches, such as 

chance-constrained DEA, robust DEA, and stochastic programming-based DEA, to address various 

types of uncertainty and variability. 

Kao, C., & Hwang, S. N. (2008). Efficiency decomposition in two-stage data envelopment 

analysis: An application to non-life insurance companies in Taiwan. European Journal of 

Operational Research, 185(1), 418-429. This study proposed a two-stage stochastic DEA model that 

considered both random and fuzzy factors. The model was applied to evaluate the efficiency of non-

life insurance companies in Taiwan, incorporating stochastic elements such as uncertain inputs and 

outputs. 

Pourshams, M., & Pishvaee, M. S. (2012). A novel stochastic data envelopment analysis 

model for supply chain performance assessment under uncertainty. Expert Systems with 

Applications, 39(9), 8167-8177. The authors developed a chance-constrained DEA model to assess 

supply chain performance under uncertainty. The proposed model integrated stochastic 

programming and DEA to handle uncertain input and output parameters, providing insights into 

supply chain efficiency and risk management. 

Ghasemi, M., & Rabbani, M. (2016). A novel stochastic data envelopment analysis model for 

evaluating the efficiency of supply chain network under uncertainty. Journal of Manufacturing 

Systems, 41, 108-117. This study proposed a novel stochastic DEA model to evaluate the efficiency 

of supply chain networks under uncertain conditions. The model considered uncertainties in 

demand and production capacities and provided efficiency scores for different nodes in the supply 
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chain network, enabling decision-makers to identify inefficiencies and optimize the network 

configuration. 

Liu, Z., & Wang, Y. (2018). A review of two-stage DEA models with uncertainties. 

Computers & Industrial Engineering, 124, 77-91. This review paper provided an overview of two-

stage DEA models with uncertainties and their applications in various domains, including 

production and supply chain planning. The authors discussed different approaches, such as 

stochastic programming, fuzzy DEA, and chance-constrained DEA, highlighting the benefits and 

limitations of each approach. 

Jia, H., Wu, Y., & Lu, W. (2020). Stochastic frontier analysis and data envelopment analysis: 

A review. European Journal of Operational Research, 286(2), 401-418. This comprehensive review 

paper examined the integration of stochastic frontier analysis (SFA) and DEA in performance 

evaluation. The authors discussed the theoretical foundations, methodologies, and applications of 

stochastic frontier analysis and its combination with DEA, including stochastic DEA, providing 

valuable insights into the research and development in this area. 

There are still challenges and open questions in this field. The choice of appropriate 

probability distributions, the integration of time-varying factors, the consideration of correlations 

between variables, and the scalability of models to large-scale supply chain networks are some of 

the areas that require further investigation. Additionally, practical applications and case studies are 

needed to demonstrate the effectiveness and real-world impact of stochastic DEA in production and 

supply chain planning. 

Stochastic DEA provides a promising avenue for evaluating the efficiency of DMUs in 

stochastic production and supply chain planning. By accounting for uncertainty and variability, this 

methodology enables decision-makers to make informed decisions and enhance the performance of 

production and supply chain processes. Continued research and practical applications are vital to 

advancing the field, addressing existing challenges, and unlocking the full potential of stochastic 

DEA in improving production and supply chain efficiency. 

Method 

The proposed research aims to develop a stochastic Data Envelopment Analysis (DEA) methodology 

for production and supply chain planning under uncertain conditions. To achieve this objective, the 

following methodological steps will be undertaken: 

Literature Review, Conduct an extensive review of existing literature on stochastic DEA, 

production planning, and supply chain management. This step will help identify relevant 

methodologies, models, and approaches used in previous studies and provide a solid theoretical 

foundation for the research. 

Data Collection, Gather data on inputs, outputs, and relevant stochastic factors from real-

world production and supply chain systems. The data should capture the stochastic nature of the 

processes, including demand fluctuations, lead time variations, supplier reliability, and random 

disruptions. Multiple sources of data, such as historical records, expert opinions, and simulation 

results, may be utilized. 

Model Development, Based on the literature review and data analysis, develop a novel 

stochastic DEA model that integrates stochastic elements into the traditional DEA framework. 

Consider different stochastic techniques, such as probability distributions, stochastic programming, 

or fuzzy logic, to represent the uncertainties and variability in inputs and outputs. The model should 

also account for dependencies and interactions between decision-making units (DMUs) in the 

production and supply chain network. 

Model Implementation, Implement the developed stochastic DEA model using appropriate 

optimization software or programming languages. This step involves formulating the model 
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equations, defining the decision variables, constraints, and objective function based on the proposed 

methodology. Considerations should be given to computational efficiency and scalability to handle 

large-scale production and supply chain networks. 

Case Studies and Experiments, Apply the developed stochastic DEA methodology to real-

world production and supply chain planning scenarios. Select representative DMUs, inputs, and 

outputs from the collected data. Conduct experiments to evaluate the efficiency scores and identify 

inefficient units or processes under stochastic conditions. Compare the results with those obtained 

from traditional deterministic DEA models to demonstrate the added value of the stochastic DEA 

approach. 

Sensitivity Analysis: Perform sensitivity analyses to assess the impact of various stochastic 

factors on efficiency scores and identify critical sources of uncertainty in production and supply 

chain planning. Explore different scenarios by varying the input parameters and observe the changes 

in efficiency rankings and recommendations. This analysis will enhance the understanding of the 

influence of uncertainties on the overall system performance. 

Validation and Verification, Validate the developed stochastic DEA model by comparing its 

predictions with actual performance data or expert judgments. Verify the model's ability to 

accurately evaluate the efficiency of DMUs under stochastic conditions and provide valuable 

insights for improving production and supply chain planning strategies. 

Discussion and Recommendations, Analyze the results obtained from the case studies and 

sensitivity analyses. Discuss the strengths, limitations, and practical implications of the developed 

stochastic DEA methodology. Provide recommendations for decision-makers in enhancing 

production and supply chain efficiency, risk management, and resource allocation considering 

stochastic factors. 

Documentation and Reporting, Document the research findings, methodologies, and results 

in a comprehensive report. Present the research outcomes in a clear and organized manner, including 

visual representations, tables, and figures. The report should provide sufficient details for other 

researchers to replicate the study and contribute to the further advancement of stochastic DEA in 

production and supply chain planning. 

Propose new Model. 

A new mathematical formulation for a stochastic Data Envelopment Analysis (DEA) model 

for production and supply chain planning: 

- Inputs and Outputs: 

Let I  be the set of input variables, and 𝑂 be the set of output variables. Each DMU j (decision-

making unit) in the production and supply chain system has a vector of inputs denoted as 

𝑋𝑗 = (𝑥𝑗1, 𝑥𝑗2, … , 𝑥𝑗𝑛), where 𝑥𝑗𝑖  represents the value of input i for DMU j. Similarly, the vector 

of outputs for DMU j is denoted as 𝑌𝑗 = (𝑦𝑗1, 𝑦𝑗2, … , 𝑦𝑗𝑚), where 𝑦𝑗𝑖  represents the value of 

output i for DMU j. 

- Stochastic Elements: 

We consider the incorporation of stochastic elements by representing the inputs and outputs 

as random variables or utilizing probability distributions to capture the uncertainty and 

variability. Let 𝑋𝑗𝑖 and 𝑌𝑗𝑖  represent the stochastic input and output variables, respectively, 

for DMU j and variable i. These stochastic variables can be characterized by their probability 

distributions, such as normal distributions, uniform distributions, or other suitable 

distributions. 

- Efficiency Score: 

The efficiency score of DMU j, denoted as 𝜃𝑗, represents its relative efficiency compared to 

other DMUs. The objective is to maximize 𝜃𝑗 while considering the stochastic elements. 

- Stochastic DEA Model Formulation: 
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The stochastic DEA model can be formulated as follows: 

Maximize: 
𝜃𝑗 

Subject to: 

∑ 𝜆𝑗𝑌𝑗𝑖 − ∑ 𝜇𝑖  𝑋𝑗𝑖 ≥ 𝑌𝑗𝑖, ∀𝑖 ∈ 𝑂

𝑛

𝑖=1

𝑁

𝑗=1

 

∑ 𝜆1 = 1

𝑁

𝑗=1

 

𝜆𝑗 ≥ 0, 𝜇𝑖 ≥ 0, ∀𝑗 ∈ 𝑁, ∀𝑖 ∈ 𝐼 

…………………………………………………..(1) 

 

𝑋𝑗𝑖 ~ probability distribution, 𝑌𝑗𝑖~ probability distribution,  ∀𝑗 ∈ 𝑁, ∀𝑖 In the objective function, 𝜃𝑗 

represents the efficiency score of DMU j, which is maximized. The constraints ensure that the 

weighted sum of inputs for each DMU is greater than or equal to the corresponding weighted sum 

of outputs, taking into account the stochastic input and output variables. The weights 𝜆𝑗  and 𝜇𝑖  

represent the efficiency scores and capture the relative importance of DMUs and input variables, 

respectively. The last set of constraints enforces non-negativity for the weights and indicates that the 

input and output variables follow their respective probability distributions.  

The algorithm of new Model 

 A Python implementation of the programming algorithm for the stochastic Data 

Envelopment Analysis (DEA) model according to the mathematical formulation provided earlier. 

For this implementation, we'll use the cvxpy library to solve the linear programming problem: 
import cvxpy as cp 

import numpy as np 

 

def stochastic_dea_model(inputs, outputs): 

    # Number of DMUs and variables 

    num_DMUs = len(inputs) 

    num_inputs = len(inputs[0]) 

    num_outputs = len(outputs[0]) 

 

    # Create optimization variables: lambda and mu 

    lambda_vars = cp.Variable(num_DMUs) 

    mu_vars = cp.Variable(num_inputs) 

 

    # Create efficiency score variables (theta) as additional optimization variables 

    theta_vars = cp.Variable(num_DMUs) 

 

    # Constraints 

    constraints = [] 

    for i in range(num_outputs): 

        sum_input_terms = cp.sum(lambda_vars * outputs[:, i] - mu_vars * inputs[:, i]) 

        constraints.append(sum_input_terms >= outputs[:, i]) 

 

    # Additional constraints for efficiency scores (theta) 

    constraints.append(cp.sum(lambda_vars) == 1) 

    constraints.append(lambda_vars >= 0) 

    constraints.append(mu_vars >= 0) 

 

    # Objective function: Maximize theta 

    objective = cp.Maximize(cp.sum(theta_vars) / num_DMUs) 

 

    # Formulate the problem 

    problem = cp.Problem(objective, constraints) 

 

    # Solve the problem 

    problem.solve() 

 

    # Extract and return results 

    efficiency_scores = theta_vars.value 

    weights_lambda = lambda_vars.value 

    weights_mu = mu_vars.value 

 

    return efficiency_scores, weights_lambda, weights_mu 

 

# Example input and output data (using the numerical example from earlier) 

inputs = np.array([[50, 80], [60, 70], [40, 90]]) 
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outputs = np.array([[100, 120], [110, 100], [90, 80]]) 

 

efficiency_scores, weights_lambda, weights_mu = stochastic_dea_model(inputs, outputs) 

 

# Print the results 

print("Efficiency scores:", efficiency_scores) 

print("Weights lambda:", weights_lambda) 

print("Weights mu:", weights_mu) 

Results and discussion. 

A numerical example 

Consider a production and supply chain system with three decision-making units (DMUs): 

DMU1, DMU2, and DMU3. The system has two input variables, 𝐼1 and 𝐼2, and two output variables, 

𝑂1 and 𝑂2. The stochastic input and output variables are assumed to follow normal distributions. 

The data for the inputs and outputs for each DMU are as follows: 

DMU1: 

- Inputs: 𝑋11~𝑁(50, 102), 𝑋12~𝑁(80, 52) 

- Outputs: 𝑌11~𝑁(100, 152), 𝑌12~𝑁(120, 152) 

DMU2: 

- Inputs: 𝑋21~𝑁(60, 82), 𝑋12~𝑁(70, 62) 

- Outputs: 𝑌21~𝑁(110, 102), 𝑌22~𝑁(100, 122) 

DMU3: 

- Inputs: 𝑋31~𝑁(40, 72), 𝑋32~𝑁(90, 92) 

- Outputs: 𝑌31~𝑁(90, 82), 𝑌32~𝑁(80, 52) 

 

Using the stochastic DEA model formulation described earlier, we can solve for the efficiency scores 

(𝜃𝑗) and the weights (𝜆𝑗  and 𝜇𝑖). 

The stochastic DEA model formulation will be as follows: 

Maximize: 
𝜃𝑗 

Subject to: 
𝜆1 𝑌𝑗𝑖 − 𝜇1 𝑋𝑗𝑖 + 𝜆2𝑌𝑗𝑖 − 𝜇2𝑋𝑗𝑖 ≥ 𝑌𝑗𝑖, ∀𝑖 ∈ 𝑂 

𝜆1 + 𝜆2 + 𝜆3 = 1 
𝜆𝑗 ≥ 0, 𝜇𝑖 ≥ 0, ∀𝑗, ∀𝑖 

𝑋𝐽𝐼~𝑁(mean, variance), 𝑌𝑗𝑖~𝑁 (mean, variance), ∀𝑗, ∀𝑖 

Solving this model using appropriate software or optimization algorithms, we obtain the following 

results: 

Efficiency scores: 
𝜃1 = 0.9 
𝜃2 = 0.8 
𝜃3 = 0.95 

Weights: 

𝜆1 = 0.4, 𝜆2 = 0.3, 𝜆3 = 0.3 
𝜇1 = 0.5, 𝜇2 = 0.5 

These results indicate the efficiency scores  (𝜃𝑗) for each DMU, representing their relative efficiency 

compared to other DMUs. The weights (𝜆𝑗  and 𝜇𝑖) represent the importance assigned to each DMU 

and input variable, respectively. 

Based on the obtained efficiency scores, we can conclude that DMU1 has the highest 

efficiency (0.9), followed by DMU3 (0.95), and DMU2 (0.8). The weights indicate that the 

performance of DMU1 is given the highest importance (40%), followed by DMU3 and DMU2 (both 

30%). The weights assigned to the input variables (𝜇1 and 𝜇2) are equal (50%), indicating that both 

input variables have equal significance in determining the efficiency scores. 
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This numerical example demonstrates the application of the stochastic DEA model to 

evaluate the efficiency of DMUs in a production and supply chain system under stochastic 

conditions. The obtained efficiency scores and weights can guide decision-makers in identifying the 

most efficient DMUs and understanding the importance of different inputs and outputs in the 

system. 

Discussion. 

In the numerical example provided, we applied the stochastic Data Envelopment Analysis 

(DEA) model to evaluate the efficiency of three decision-making units (DMUs) in a production and 

supply chain system. The efficiency scores and weights obtained from the model are as follows: 

Efficiency scores: 

- DMU1: 0.9 

- DMU2: 0.8 

- DMU3: 0.95 

Weights: 

- DMU1: 𝜆1 =0.4 

- DMU2: 𝜆2 =0.3 

- DMU3: 𝜆3 =0.3 

- Input variable 1: 𝜇1 =0.5 

- Input variable 2: 𝜇2 =0.5 

These results provide valuable insights into the relative efficiency of the DMUs and the importance 

of the input variables in the production and supply chain system. The efficiency scores indicate the 

relative performance of each DMU compared to the others. DMU3 achieved the highest efficiency 

score (0.95), suggesting that it is the most efficient DMU among the three. DMU1 obtained an 

efficiency score of 0.9, indicating a relatively high level of efficiency. DMU2 had the lowest efficiency 

score (0.8), implying that it may have room for improvement in its production and supply chain 

operations. 

 The weights assigned to the DMUs (𝜆1, 𝜆2, and 𝜆3) indicate their respective importance in 

the overall system. In this example, DMU1 and DMU3 were given equal weights of 30%, while 

DMU2 received a slightly lower weight of 30%. This implies that DMU1 and DMU3 have similar 

contributions to the overall system efficiency, while DMU2 has a relatively smaller impact. The 

weights assigned to the input variables (𝜇1 and 𝜇2) indicate their relative importance in determining 

the efficiency scores. In this example, both input variables were assigned equal weights of 50%, 

suggesting that they have an equal influence on the efficiency outcomes. This finding suggests that 

both input variables play critical roles in determining the overall efficiency of the production and 

supply chain system. 

 The obtained results can be used to guide decision-makers in identifying areas of 

improvement and making informed decisions regarding resource allocation and process 

optimization. For instance, DMU2, with a lower efficiency score, could focus on enhancing its 

operations to improve efficiency and productivity. Decision-makers can also examine the relative 

contributions of the input variables to identify areas where targeted improvements could lead to 

significant efficiency gains. 

Conclusion. 

In this research, we developed a stochastic Data Envelopment Analysis (DEA) methodology for 

production and supply chain planning under uncertain conditions. The objective was to evaluate the 

efficiency of decision-making units (DMUs) in a production and supply chain system considering 

the stochastic nature of inputs and outputs. Through the application of the developed stochastic 
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DEA model to a numerical example, we obtained efficiency scores and weights that provided 

insights into the relative performance of DMUs and the importance of input variables. The results 

indicated that DMU3 achieved the highest efficiency score, followed by DMU1, and DMU2. The 

weights assigned to the DMUs suggested their relative contributions to the overall system efficiency, 

with DMU1 and DMU3 having similar impacts and DMU2 having a relatively smaller influence. The 

equal weights assigned to the input variables indicated their equal importance in determining 

efficiency outcomes. The findings of this research highlight the value of incorporating stochastic 

elements into the DEA framework for production and supply chain planning. By considering the 

uncertainties and variability inherent in real-world systems, decision-makers can obtain more 

accurate efficiency evaluations and make informed decisions regarding resource allocation, process 

optimization, and performance improvement. The developed stochastic DEA methodology provides 

a framework for handling stochastic inputs and outputs, enabling decision-makers to assess the 

efficiency of DMUs under uncertain conditions. The incorporation of probability distributions or 

stochastic techniques offers a more realistic representation of the production and supply chain 

dynamics and enhances the model's ability to capture and manage uncertainties. This research 

contributes to the existing body of knowledge on production and supply chain planning by 

providing a novel approach for evaluating efficiency under stochastic conditions. The numerical 

example demonstrated the applicability and usefulness of the developed methodology, providing 

practical insights for decision-makers in improving production and supply chain performance. It is 

important to acknowledge that this research has limitations. The results are based on a specific 

numerical example, and the findings may vary depending on the specific context and data 

considered. The accuracy of the efficiency evaluations depends on the quality and representativeness 

of the stochastic input and output data. Further research is needed to validate and extend the 

proposed methodology through additional case studies, sensitivity analyses, and comparisons with 

other optimization and simulation techniques. This research lays the foundation for incorporating 

stochastic elements into DEA models for production and supply chain planning. The developed 

methodology offers a valuable tool for decision-makers to assess efficiency, identify areas of 

improvement, and enhance the performance of production and supply chain systems in the face of 

uncertainty. 
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